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I. INTRODUCTION 
Linear viscoelastic materials possess moduli that are a function of 
time, and they display partly the character of fluids and partly the 
character of solids. Incompressible fluids and rigid bodies, when sub­
jected to applied loads, have the resultant stresses in the material 
acting instantly, i.e. the wave velocity is infinite. The rigid body 
stresses are in phase with the strains and the applied loads' or deforma­
tions. Real fluids have a finite wave velocity /(k/p) obtained from 
the equation of motion, where k and p are the bulk modulus and density, 
respectively. For deformable bodies that may sustain finite shear 
stresses the velocity of propagation is some finite value depending 
on the material, the body configuration, and the loading applied to 
the body. Perfectly elastic bodies have the stresses and strains in 
phase with each other. Materials may be considered to have quasi-static 
loading when the inertia forces associated with the acceleration of the 
particles in the body can be neglected in comparison with the applied 
stresses. The conventional theory of elasticity or linear viscoelasti-
city is useful to solve linearly elastic or linearly viscoelastic 
problems for stresses and strains. The effects of wave propagation must 
be considered for materials which do not behave quasi-statically under 
the applied loading in the material volume of interest. The equations 
of motion are then employed to solve for stress and strain. 
In an unbounded elastic body stress waves may be propagated with 
two different velocities. Equivoluminal waves or distortional waves 
involve distortion without dilatation, have particle motion in a plane 
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perpendicular to the direction of propagation, and travel at the velocity 
c^ = /(M/p) where p is the rigidity modulus. Irrotational waves or 
dilatational waves involve both distortion and dilatation, have 
particle motion along the direction of propagation, and travel at a 
velocity of c^ = /((X + 2ii)/p) = /((k + 4/3u)/p) where X is Lame's 
constant. In the equations of motion dilatation A is absent and 
rotation exists for the Cg wave whereas dilatation is present and 
rotation absent for the c^ wave. If a free surface exists, elastic 
surface waves called Rayleigh waves may also occur. The path of any 
particle in the body at the surface is theoretically shown to be an 
ellipse with its major axis normal to the surface. Rayleigh waves 
have a velocity c^ = KC2, < being a root of the Rayleigh equation 
(about 0.9), and waves of high frequency will diminish more rapidly 
with depth than those of lower frequency. With an elastic body 
bounded by two surfaces to form an infinite plate, the source waves 
c^ and C2 are confined by the plate surfaces to produce a new type 
of wave, the plate wave. The equations of motion with the prescribed 
boundary conditions lead to a frequency equation involving the phase 
velocity of the waves in the plate c^ in terms of c^ and Cg. For wave­
lengths much larger than the plate thickness the stress is uniform 
over any cross-section of the plate perpendicular to the direction of 
2 2 
the wave propagation, the wave velocity being c^ = 2c2/(c^ - Cg ) = 
/((4u(X + u))/(p(A + 2ii))) = /(E/(p(l - v^))) where E is Young's 
modulus and v is Poisson's ratio. The phase velocity c^ must be 
computed from the frequency equation when wavelengths are comparable 
to the plate thickness. The velocity depends on the wavelength to 
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thickness ratio, and the stress distribution ceases to be uniform over 
the plate's cross-section. When wavelengths are very small compared 
with the thickness, the plate waves travel with a velocity of Rayleigh 
surface waves. Geometric dispersion takes place only when the wave­
lengths are comparable with the thickness. The order of magnitude of 
the various velocities of wave propagation is the following; 
In linear viscoelastic materials stresses and strains along with 
the applied loads and deformations may all be out of phase with respect 
to each other. Viscoelastic materials are inherently dissipative so 
that waves are always attenuated as they propagate through the material, 
the higher frequency Fourier components being attenuated more rapidly 
than components of low frequency. The viscoelastic waves are also 
dispersed in bounded materials such that the phase velocity of propaga­
tion of a sinusoidal wave increases with increasing frequency. Thus 
the wave amplitude in viscoelastic materials decreases and its pulse 
length increases as the pulse travels. 
Materials considered in this study were glass, an elastic material, 
and two homopolymers, polymethylmethacrylate (PMMA.) and polyethylene 
(PE),viscoelastic materials. The chemical repeat units for the two high 
polymers PMMA and PE are 
H CH, 
3 
H H 
— C — C — and — C — C — 
I I 
H H H COOR 
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with glass transition temperatures of 105,120° C and -120° C, respec­
tively. Various viscoelastic mathematical models exist to describe 
the mechanical behavior of these solids. The Voigt (or Kelvin) model 
with elastic linear spring and viscous dashpot in parallel or the 
Maxwell model with the spring and dashpot in series are typical model 
representations. Use of such models allows analytical solutions to be 
obtained which qualitatively described the behavior of the material. 
A quantitative prediction may be obtained only for a narrow range of 
frequencies using such models. To more accurately predict the response 
of linear viscoelastic materials, the Boltzmann principle of super­
position is applied. The solution is generally in terms of integrals 
which must be numerically evaluated. 
The object of this investigation was to analyze, both theoretically 
and experimentally, wave propagation in linear viscoelastic plates of 
various thicknesses. This three-dimensional study does not seem to 
have appeared in the literature before, experimentally nor analytically. 
Investigators have done work that borders this problem. Such works 
include wave propagation in a viscoelastic half-space and wave propaga­
tion in elastic plates. The essential theoretical background is 
available for treating the present problem, however. 
The elastic and viscoelastic plate waves are observed experiment­
ally and compared for various plate materials, thicknesses, and distances 
of wave travel along the longitudinal surfaces of the plates. The 
effect of ball radius on pulse shape is noted. Theory is developed and 
compared with experimental results. 
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II. LITERATURE REVIEW 
The review of the literature will parallel the introduction section 
in that references will be delineated concerning the wave propagation 
in extended elastic solids to the present problem of the viscoelastic 
plate. The general equations of equilibrium and vibrations of elastic 
solids was first developed by Navier (1). Poisson (2) found longi­
tudinal and transverse waves to exist in a disturbed isotropic elastic 
solid medium, but it took Stokes (3) to show that these two waves are 
waves of irrotational dilatation and equivoluminal distortion. The 
latter involves rotation of the elements in the medium whereas the 
former involves both rotation and dilatation in the medium. Lord 
Rayleigh (4) noted a third type of wave called* surface waves can 
propagate over the free surface of a semi-infinite isotropic solid. 
Lamb (5) investigated the subject further, discussing the effect that 
a limited initial disturbance has at and near the surface of a solid 
body. The response of a material a distance from the source begins 
after an interval in the forms of irrotational dilatation, equivoluminal 
distortion, and Rayleigh waves, the last wave being the predominate. 
Free vibrations and forced vibrations of elastic plates were studied 
later by Rayleigh (6) and Lamb (7, 8), respectively. Both researchers 
separated their field equations into symmetric and asymmetric compon­
ents. Chladni (9) described in his treatise his experimental method of 
using sand sprinkled on vibrating plates to show the nodal lines. The 
corresponding analytical solution of the vibrations of a solid elastic 
plate was first given by Mile. Germain (10) in 1815. Later, Poisson (2) 
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and Cauchy (11) had available the general equations of elasticity and 
treated plate problems by supposing that all quantities which occur 
can be expanded in powers of the distance from the middle surface. 
Kirchhoff (12) proved that these conditions were not correct but, instead, 
proposed a method on the assumptions 1) that nonnal straight elements 
to the middle surface remain straight and normal after strain and 2) 
that middle surface elements remain unstretched. The problem of impact 
was of concern in connection with the theory of longitudinal vibrations. 
The first to attempt a solution of the impact problem from this point 
of view was Poisson (13). Hertz (14) later developed an impact theory 
on an elastic half-space. He proposed to regard the strain produced 
in each contacting body by impact as a local statical effect. This is 
considered valid if the distance traveled by the elastic waves during 
impact is very large compared with the dimensions of the area of contact. 
The relevant literature in more recent years may be grouped into 
one of three types. The contact problem is the first type, and the ref­
erences may deal with the coefficients of restitution, durations of 
contact, displacements, and stresses for various impact velocities. A 
theory was developed by Zener (15) for the reaction of thin elastic 
plates to forces of such short duration that the waves reflected from 
the boundary may be neglected. He found that the velocity of the point 
of application of the force, and hence the total displacement, is 
proportional to the impulse of the force. The coefficient of restitu­
tion for the impact of the sphere on the plate is obtained as a func­
tion of the parameters of impact, a single dimensionless inelasticity 
parameter. Impingement of spheres on plates was also studied by 
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Tillett (16). The coefficient of restitution was found to be a function 
of the size of the specimen as well as of its elastic and anelastic 
properties. The coefficient of restitution was found to be less than 
unity for both thin and thick plates. This was due to the internal 
friction in the material and the energy loss that went into the elastic 
waves set up in the plate. Lee and Radok (17), Hunter (18), Ting (19, 
20) , and Graham (21, 22) studied the Hertzian problem for the quasi-
static case of an indenter on a viscoelastic half-space, the contact 
area being one of various functions of time. Various aspects of their 
studies were axisymmetric indenters, rigid-viscoelastic or two visco­
elastic bodies in contact, contact area having any number of maxima and 
minima, and simply-connected or multiply-connected contact areas. Tsai 
(23, 24), Tsai and Kolsky (25), and Tsai and Dilmanian (26) considered 
contact problems for plates and dynamic loadings. Solutions for finitely 
thick elastic and viscoelastic plates subjected to spherical indenta­
tions were presented. Hertz impact theory was shown appropriate for 
an elastic half-space when the contact time is large. A dynamic theory 
for determining contact stresses and contact times was presented for 
the impact of spherical bodies onto finitely thick elastic plates. 
The second group of papers is largely concerned with the investiga­
tion of characteristic equations for plate waves. Holden (27) looked 
into the branches of the longitudinal modes of elastic waves in 
isotropic slabs. The characteristic equation for the response of an 
elastic plate subjected to a simple harmonic motion due to an applied 
force uniformly distributed over a circular surface area was investigated 
by Miller and Pursey (28) and Pursey (29). They utilized the definitions 
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of rotation and dilatation and the Fourier and Hankel transform methods 
to obtain their solutions in integral form. Pursey followed Rayleigh 
(6) in dividing the waves in a plate into symmetric and asymmetric 
components. The plate wave velocities for elastic plates were also 
studied by Mindlin (30). The high-velocity loading of elastic and 
viscoelastic plates was analyzed by Chu (31). Kawatate (32) examined 
free vibrations in linear viscoelastic plates, and Torvik (33) looked 
into the reflections of wave trains from the edges of semi-infinite 
elastic plates, and how a dynamic St. Venant's principle may apply. 
Displacements of an elastic plate subjected to a vertical harmonic 
load were studied by Paul and Nuthivalu (34). Asymptotic and approxi­
mate theories were suggested by Naraboli and Tsai (35) and Lee and 
Nikoden (36), respectively. 
The third group is concerned with the propagation of stress pulses 
produced by impact on material surfaces. Tsai and Kolsky (25, 37) 
developed theoretical and experimental methods of determining the 
radial strain on the surface of elastic and viscoelastic half-spaces 
due to an impinging sphere. Yang (38) developed theoretical and experi­
mental methods for determining the response of elastic plates sub­
jected to impact of a sphere on its free surface. Using Zener's 
inelastic parameter, the deflection of viscoelastic plates and time 
of contact of the rigid sphere impinging on the plate were determined 
by Phillips and Calvitt (39). A plate composed of a strain-rate-
dependent material was considered by Calder e£ al.(40), the plate 
undergoing a projectile impact. This third group of references all 
border on the present problem. In addition, the references of 
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Rosenf ield and Miklowitz (41) and Dally et (42) may be of some use 
to understand the physical movement of the various waves in the plate. 
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III. EXPERIMENT 
The propagation of plate waves in viscoelastic solids has been 
studied very little by experimentalists. No experimental work appears 
to have been done on the propagation of stress waves on linear visco­
elastic plates. However, the experimental work done by Tsai and Kolsky 
(37) on linear viscoelastic half-spaces is akin to the present study. 
Their experimental arrangement was, in general, followed. 
A. Problem 
To study the stress waves propagating in plates, a means of excit­
ing these waves must first be derived. One of the easiest means would 
be to drop a projectile onto the upper surface of the plate. This 
method has the ease of changing and calculating impact velocities and 
energies, the ease of alining, repeatability, and no damage to the 
specimen. Many frequencies are excited in the specimen upon impact. 
This is the characteristic feature of impact problems. 
The experiment was concerned with the observation of strain waves 
propagating in plates subjected to transverse impact. The support of 
the plate must be properly arranged. If the plate is supported near 
the point of impact, outgoing waves from the point of impact would soon 
be reflected and refracted at the support, interfering with the incoming 
waves in a very rapidly increasing zone soon to engulf the entire plate, 
making an analysis of these waves extremely difficult. The plate was, 
therefore, simply supported at the plate edges far from the point of 
impact. The plate waves were detected in a region where the waves that 
were reflected from the support or free edge had no time to arrive 
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and confuse the main pulses which were of the most interest in this 
investigation. 
To detect strain pulses, a strain gage is the most widely used and 
convenient transducer. The strain gage used here is of the type of 
semi-conductor electrical resistance strain gage which is easily applied, 
readily available, accurate, and versatile in detecting dynamic strain 
pulses. A disadvantage in using strain gages is that the strain 
detected is averaged over a finite length in the direction of strain 
gage alinement. However, this disadvantage may be minimized by using 
short strain gages. Furthermore, Cunningham and Goldsmith (43) showed 
that "Pulse shape is not affected by gage length provided the latter is 
less than 1/10 the width of the pulse ...." This is the case in the 
present investigation. 
B. Experimental Arrangement 
A photograph of the experimental arrangement is shown in Fig. 3-1 
and a schematic of it in Fig. 3-2. Steel balls of various sizes and 
forms were used to produce stress pulses in the plates. A 1/2 in steel 
ball was used for most of the tests. A 1/4 in steel ball was used for 
some tests for ease in comparison of the strain waves with previously 
published results. To determine the effect of contact radius on pulse 
shape, two more types of balls were used. One ball had a 3/4 in partial 
radius and the other a 1-1/2 in partial radius, both with the same 
weight as the 1/2 in ball. The steel ball was held by an electromagnet 
at a fixed height above the surface of the specimen and was released 
when the electric current to the magnet was cut off. Just before 
Fig. 3-1. Experimental arrangement. 
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Fig. 3-2. Electrical schematic of experiment. 
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impingement on the specimen, the ball intercepted a thin beam of light 
which was directed onto a small photocell. The electrical impulse 
from the photocell actuated the oscilloscope sweep. After the ball 
struck the specimen surface, the radially-alined strain gages sensed 
the strain pulses. The electrical impulses traveled through the strain 
gage circuit to the oscilloscope where the strain waves were photo­
graphed. The strain gage circuit was designed to provide for two methods 
of recording strain. One method was to have a single strain gage on 
the upper plate surface with a single wave displayed on the oscillo­
scope. Another scheme was to have a pair of strain gages, one above 
the other on the two surfaces, with the two pulses displayed separately 
simultaneously on the oscilloscope. Three materials used for specimens 
were glass, PMMA, and PE. The size of the specimens was 18 x 18 in in 
area, and the specimens ranged from 1/8 to 1 in in thickness. 
C. Equipment 
The simple support on which the specimen rested was custom-made. 
It was an open-ended metal box 17-1/2 in square which rested on a large 
frame. The simple support was adjustable horizontally on the large 
frame and was leveled either by leveling the large frame or by putting 
shims between the simple support and the large frame. 
Placed around the aforementioned large frame was another custom-
made outer frame. This outer frame supported the electromagnet, light, 
and photocell. The electromagnet was custom-made from a Guardian Series 
200 Relay Coil Asembly, 6 VDC, No. 200-6D. A steel ball was in contact 
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with the magnet, and the entire assembly was contained in an aluminum 
box which was free to move on a horizontal bar. The horizontal bar 
was free to be positioned at any height along two vertical rods which 
were supported by a horizontal frame. The horizontal frame contained 
the light-photocell combination and had a scale attached to its side 
for measuring horizontal travel (distance from impact). The light 
was a PR-3 GE lamp and the photocell was labeled CRL IN2175. They 
faced opposite each other across a hole in an aluminum block which 
was raised or lowered from the horizontal frame by three sets of springs, 
threads, and wing nuts. The horizontal frame was positioned horizontally 
on ball bearing tracks supported by the base of the outer frame. The 
outer frame was leveled and elevated from the bottom of the legs of this 
frame. The size of the outer frame was 30 x 40 x 76 in. The height of 
ball drop was from 5 to 35 in, and the extent of the horizontal posi­
tioning of the horizontal frame was 24 in. 
The strain gages used were of the semi-conductor type (SPB2-12-
100C6 and SPB2-09-100) manufactured by Baldwin-Lima-Hamilton. The 
gages were cemented to the specimen surfaces with Eastman 910 adhesive. 
The strain gage circuit, shown schematically in Fig. 3-3, was custom-
made to provide for single strain gage—single wave display and two 
strain gage—two wave display. The control circuit, shown schematically 
in Fig. 3-4, was also custom-made to provide control of the electro­
magnet, light, photocell, trigger circuit, and power supply of the 
strain gages. An Electro model EFBR filtered power supply was 
17 
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incorporated in the circuit to supply D.C. power to all devices but 
the strain gage circuit and the oscilloscope. A Tektronix type 502A 
dual beam oscilloscope with the Tektronix C-12 camera was also used. 
All external cable was shielded. 
D. Experimental Procedure 
The test specimen was prepared first by washing the surfaces with 
detergent (Wisk) and water. After the specimen had been adequately 
rinsed and dried, the area where the strain gage was to be placed was 
cleaned with an ammonia-saturated cotton swab. The Eastman 910 catalyst 
was then applied to that area when dried. The strain gage, having also 
been cleaned with ammonia and alined on the specimen surface with tape, 
was cemented to the specimen surface with Eastman 910 adhesive. A 
connecting cable was soldered to the strain gage leads and connected to 
the circuit. With the supports already level the specimen was alined 
on the simple support such that the strain gage would always be radially 
alined with the point of impact for any horizontal position of the 
horizontal frame on the outer support. This was accomplished by first 
laying a thread over the strain gage in the direction of the wire and 
fastening the thread to the specimen. The specimen was then moved to 
aline this thread with the center of the hole in the light-photocell 
box on the horizontal frame for all horizontal positions of this frame. 
Cross hairs placed over the hole aided alinement. Once the specimen 
was alined, the horizontal frame was moved until the strain gage was 
directly under the center of the hole in the frame. The zeroing needle 
on the stationary outer frame was positioned to the zero reading of the 
scale affixed on the horizontal frame. The thread on the specimen and 
the cross hairs on the frame were then removed. The height of drop of 
the ball was adjusted using a scale and dividers by moving the electro­
magnet box vertically on the outer frame's vertical poles. The current 
to the electromagnet and light was turned on. The electromagnet was 
centered above the hole in the light-photocell box. To do this, a thread 
joining a needle to a hooked steel ball was employed. The steel ball 
was held to the electromagnet with the suspended needle swinging in the 
light-photocell box hole. The electromagnet box was positioned such 
that the shadow of the needle from the light covered the photocell 
head. The alining apparatus was then removed. The horizontal frame 
was positioned to provide for the proper distance between the strain 
gage and the point of impact. The oscilloscope camera was checked to 
ensure that film was in the camera. The electrical components were 
plugged in and turned on. The voltage from the strain gage batteries 
were checked on the oscilloscope and recorded. The trigger level on 
the oscilloscope was predetermined to start the time sweep when light 
falling on the photocell was extinguished. A steel ball was held by 
the electromagnet, the current cut off, and the wave form observed on 
the oscilloscope's screen. The light-photocell box's elevation was 
adjusted until the desired part of the wave form was observed on the 
screen. The amplitude of the wave form and rate of time sweep was 
adjusted on the oscilloscope to give the largest waveform the screen 
could contain. The camera was adjusted to record the next wave form. 
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The actual test was run, the picture developed, and the parameters 
recorded. 
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IV. THEORY 
As stated in the literature review, the propagation of surface 
waves on the free surfaces of linear viscoelastic half-spaces has 
been investigated theoretically and experimentally previously (37). 
The essential theoretical background is therefore available for deter­
mining stress waves propagating in linear viscoelastic plates. 
A. Problem 
The problem considered is to determine the radial strains on the 
surfaces of infinite, linear, isotropic, homogeneous, viscoelastic 
plates of various thicknesses subjected to a normal impingement on 
their top surfaces by an elastic sphere. To obtain an exact solution 
to the problem, the change in the radius of the contact area from zero 
to its maximum value "a" and then back to zero must be taken into 
account. The distribution of the normal stress over this area is not 
constant, but varies from a maviTmim at the center of the contact circle 
to zero at the edge of the circle. Therefore, a very complicated 
analysis is needed to incorporate these real conditions. 
In order for the problem to be mathematically tractable, the con­
tact loading is approximated by a uniformly distributed load which 
varies with respect to time. Therefore, the response of a plate to a 
periodic load uniformly distributed over a circular area of radius "a" 
on a plate surface as shown in Fig. 4-1 is first considered. The 
results are then superposed to account for the response of the solid 
to the time variation of the surface force which is produced by impact 
on the plate surface-
23 
Fig. 4-1. Configuration and coordinates. 
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For the problem considered, cylindrical polar coordinates 
(r, V, z) are the most convenient to use, the z axis being the axis 
of symmetry. The time-dependent viscoelastic stress-strain relations 
must be employed for this investigation. Of the various but equivalent 
forms available, the complex modulus representation is the most con­
venient to use for wave propagation problems. The equation of motion 
is 
2 
(X + 2y )VV'U - y VxVxU = 0 —^ (1) 
3 t^ 
* * , 
where IJ is the displacement vector. A and U are the complex Lame 
constants which are functions of frequency, and p is the density of 
the material. For the steady-state solution which is the first to 
be considered, the displacement vector may be written as 
U = u e^"^ (2) 
where w is the frequency of the motion. The spatial displacement 
vector may be written as 
u = u^ e^ + u^ e^ + u^ e^. (3) 
The boundary conditions as shown in Fig. 4-1 may be written 
at z = H 
G 22 = R(w)e^^^, r <_ a , 
*zz " 0' r > 9 ' 
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and at z = -H 
"zz " "zr ° "• 
Solving the aforementioned equation of motion and satisfying the 
prescribed boundary conditions, the radial displacement u^ may be 
determined. Differentiation of the displacement gives the radial 
strain 
B. Solution 
1. Radial surface displacement 
The treatment described herein starts with Miller and Pursey's 
(28) method of analysis. The equations of motion were reduced to a 
set of second order partial differential equations for dilatation and 
rotation. Applying Hankel's transforms to these partial differential 
equations, these equations reduced to a pair of second order ordinary 
differential equations. Solutions for these equations were readily 
obtained. Utilizing Pursey's (29) method for separating and solving 
these equations in symmetric and asymmetric entities, the inverse trans-
foirms were determined, and the solutions were combined to yield the 
radial spatial displacement. Noting Bessel function identities used by 
Tsai and Kolsky (25), a simpler form for the radial spatial displace­
ments on the surfaces of the plate was attained. The methods of Tsai 
and Kolsky (37) were then employed throughout the remainder of the 
theoretical analysis which evaluates the resulting integral by contour 
integral technique, uses Fourier integral theory and the superposition 
principle to account for arbitrarily applied pulses, relates shear 
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modulus to frequency, determines the Fourier spectrum of the initial 
pulse, and makes the radial strain amenable to computer calculation. 
The dilatation A and the rotation 0 in polar cylindrical coordi­
nates are 
(6) 
and 
3u 3u., 3u au 
il = vxu = (i jf- + (JT- if) 31/) 3z ' ^3z 3r ^ 
1 9(rU ) 3D 
+ — ( ^ )e , (7) 
respectively. Since there is no motion in the 'p direction for this 
problem, and all the derivatives with respect to ^ vanish. There­
fore 
and 
T a 8U, 
A = - — (rU^) +37" (8) 
3U 3U 
From boundary condition (4) every point in the medium will ultimately 
be vibrating with frequency to. The displacement at any point will be 
U = (u e +u e )e^"^. (10) 
— r—r z—z 
The gradient of the dilatation and the curl of the rotation are 
Wu = VA = e + e (11) 
— 3r —r 3z —z 
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and 
VxVxu = Vx(fie^) = g ^ ^3, (12) 
respectively. It is noted that 
1 _ iil (13) 
r 32 92 ' 
Placing (10), (11), (12), and (13) into the equation of motion (1) yields 
(X* + 2u*) ^  ^  + pA = 0 (14) 
OZ 27 oIT Z 
and 
a* + 2u*) If + If + Pw\ = 0. (15) 
Differentiating (14) with respect to r, differentiating (15) with 
respect to z, and subtracting the former from the latter yields 
^ ^ (7 + Kg* 0 = 0, (16) 
dz 
2 2 2 
where ^ ' C2 being the velocity of the distortional 
C2* 
wave. Differentiating (14) with respect to z and adding this to 1/r 
times the differential of (15) with respect to r yields 
dz 
28 
2 2 
where K. —* = —— , * being the velocity of the dilatational 
^ X +2w c *2 1 
1 
wave. The stress-displacement relations in polar cylindrical coordi­
nates are 
3u , 3u 3u, u, 
+  2 V * -  ' * ( r  3 « r  +  â ; *  -  7 * % .  
u , 9u, 3u 3u 
"n ' + 2n*(^ + 7 s/) • "rz " + âT^ • 
3u 3u. - 3u 
+ 2** 3?^ ' = ^*^3r + 7 ?r^ • (IS) 
From the boundary conditions (4) and (5), u^ and all the derivatives 
with respect to Tp are zero. Combining the third equation of (18) with 
(17) and (14) produces the equation 
where v*^ = being Poisson's ratio. 
Kl* C2 
Combining the fifth equation of (18) with (16) and (14) yields 
= "r ^ -4- 2v*^ — - (20) 
U* r r r gg 3z3r 
Hankel transforms are then used to solve the problem. The Hahkel trans­
form of order m of a function f(r) will be denoted by f^(s) and is 
defined by the relation 
29 
f (s) = / f(r) r J (sr) dr . (21) 
m .o m 
The corresponding inverse transform is given by 
f(r) = / f (s) s J (sr) ds . (22) 
cm m 
Taking Hankel transforms of (14) and (15) yields 
0 pco 
and 
u = - [|| - s A ] , (24) 
^1 pu *= 
respectively. Taking Hankel transforms of (19) and (20) yields 
^ (25, 
==0 ° dz 
and 
T2 °zr = - (—i - 2 3 5/ + s\) , (26) 
W 1 dz 
respectively. Taking Hankel transforms of (16) and (17) yields 
2 2 
J - (s^ - = 0 (27) 
dz^ ^ ^ 
and 
d\ 2 2 
f - (s"^ - K^* )Aq = 0 , (28) 
dz 
respectively. The solutions to (28) and (27) are 
30 
Ag = cosh z (s^ - + Ag sinh z (s^ - (29) 
and 
0^ = sinh z (s^ - + B^ cosh z (s^ - (30) 
respectively. In obtaining the aforementioned transforms, it was 
assumed that A and 0 were such that the conditions at infinity were 
satisfied. To satisfy the boundary conditions, the field equations 
are separated into symmetrical and asymmetrical parts. 
For motion symmetrical with respect to the z plane, the solutions 
are chosen from (29) and (30) as 
denotes the symmetrical part of the wave, Then (31) is substituted 
into equations (25) and (26) to get 
= A^ cosh z a 0^^ = B^ sinh z g , (31) 
2 2 1/2 2 2 1/2 
where a = (s - K^* ) , g = (s - K^* ) , and the superscript I 
(32) 
and 
(33) 
For symmetric stress components on both surfaces z = ± H, 
31 
a : ^ 
zz 
Y R (W) , 0 ^  r < a, 
I 0 , a < r < «, 
and (34) 
a ^ =  0  ,  0 < r < ® ® .  
zr — — 
The corresponding transforms are 
R(aj) a J, (sa) 
and (35) 
' " • 
Substituting these transforms (35) into (32) and (33) for z = ± H 
gives a system of two linear algebraic equations for and The 
solutions to these equations are found as 
pa)^(2s^ - K,*^)R(aj)aJ^ (sa)sinh(H3) 
""l ^ W 2SP*2 v*2 
and 
2 2 
poj actv* R(u))J-(sa)sinh(Hoc) 
*1 = " FîôET 
where F^(s) = (2s^ - Kg*^)^ cosh (Ha)sinh (Eg) - 4ags^ cosh(H8)sinh(Ha). 
(38) 
Substituting (36) and (37) into the symmetric solutions (31) gives 
I I 
AQ and . These results are then substituted into (24) to obtain 
the transformed radial displacement as 
32 
aR(w) J (sa) 
u = —* , t— Ca3 sinh(ao)cosh(zg) 
- •|'(2s^  - K2*^ )sinh (z6) cosh (zo)] . (39) 
The inversion of (39) gives 
/o {(s^ - J K2*^) sinh (Eg) cosh (zo) 
- ag sinh (Ha) cosh (zg)} X sjj^(sr)ds . (40) 
For the motion asymmetrical with respect to the z plane, the solu­
tions can be written from (29) and (30) as 
= Ag sinh zot , cosh zg , (41) 
where the superscript II denotes the asymmetrical part of the solution. 
Then (41) is substituted into equations (25) and (26) to get the trans­
formed asymmetric stresses as 
2 
o = 2sBB- sinh (zS) + v* (v* — 2) s sinh (zot) 
- v*^ct^A2 sinh (zot) (42) 
and 
2 
^ cosh (zg) - 2 v*^soAg cosh (zot) 
p* 1 
+ s^Bg cosh (zg)] . - (43) 
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The prescribed boundary conditions for the asymmetric stress components 
on both surfaces z = ± H can be written as 
a 
zz 
± J R(ûj) , 0 r _< a , 
0 , a < r < « , 
and (44) 
0 ^ ^ =  0  ,  0 < r < ° ° .  
zr — — 
The corresponding transforms are 
J J. ^ R(co)aJ^(sa) 
0_ " " " 
==0 2 s 
and (45) 
a = 0 
Substituting these transforms (45) into (42) and (43) for z = ± H gives 
two linear algebraic equations which have the following solutions: 
, pu^R(ui)aJ^ (sa) (2s^ - K^*^)cosh(H$) 
and 
2 2 
pu R(tD)aJ^ (sa)v* acosh(Ha) 
where f^fs) = (K.2*^ - 25^)^ sinh (Ha) cosh (HS) - 4ags^ sinh(Hg)cosh(Ha). 
(48) 
II 
Substituting (46) and (47) in'& (41) gives the asymmetric solutions 6^ 
and These results are substituted into (24) to obtain 
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II aR(«)J^(sa) 
u [(s - T K,* )cosh(H3)sinh(zo) 
y* FgCs) 
- agcosh(Hoi)sinh(23)] . (49) 
Inverting (49) yields 
^rll = _ {(s^ - J K2*^)cosh(H6)sinh(za) 
- ogcosh(Ho)sinh(zB)} X sJj^(sr)ds . (50) 
In adding (40) and (50) the total radial displacement is 
u  =  u ^  +  u ^ ^  .  ( 5 1 )  
r r r 
This is the steady-state solution for the sinusoidal vibration problem. 
The integral (51) may be evaluated to a simpler form by using the 
following well known identities for the zeroth order Bessel functions 
of the first and second kind: 
2 «00 
JQ(X) = — JQ sin (x cosh u) du, x > 0 (52) 
and 
YQ(X)=-— JQ COS (X cosh u) du, X > 0 . (53) 
Then (52) is differentiated with respect to x to get 
= i ;; (e^  ") cosh u du . (54) 
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In the upper plate surface z = H, the equation (51) yields upon sub­
stituting (54) into (51) 
lz=H = - /Ô cosh u du sj^(sa) 
(s^ - Y Kg*^) sinh(Eg) cosh(Ha) -(xgsinh(Ha) cosh(Hg) 
(s - TT K-* )cosh(H3)sinh(Ha)-o6cosh(Ha)sinh(H3) 
V i s r cosh u , 
X e ds (55) 
As a check on the above equation, the equation (35) must reduce for a 
large value of H to the corresponding equation obtained by Tsai and 
Kolsky (37) for a linear viscoelastic half-space subjected to the same 
conditions. Indeed, as H tends to infinity, (55) becomes the equation 
aR r® f®® sJ^Cas) 2 2 
\ = /Q cosh u du /_^ F(g) (2s - K* - 2o6)e 
isr cosh u ds 
(56) 
where F(s) = (2s^ - K^)^ - 4s^G6. This is exactly the same as the 
radial dispacement (7) obtained in reference (37). 
A further check on the correctness of (55) is available if the 
condition of an elastic plate is considered. From Rayleigh (6), 
Lamb (7), and Mindlin (30) is the requirement 
36 
tanh HB 
tanh Hot 
4ags 
(28% - KgZ): 
= 0 
where the plus and minus signs are for the symmetric and asymmetric 
parts, respectively. This requirement corresponds to setting the 
denominators F^(s) and FgCs) equal to zero for the vanishing value of 
5. It is found that the above conditions are indeed satisfied. 
In the lower surface z = -H the equation (51) becomes 
'z=-H = " /o cosh u du s J^(sa) 
(s^ --J K2*^)sinh(Ha)cosh(Ha) - agsinh(Ha) cosh(Hg) 
F^(s) 
(s^ - Y (Kg*^) cosh(Eg)sinh(Ha)-ogcosh(Ha) sinh(Eg) 
FgCs) 
« i s r cosh u , 
X e ds (57) 
To simplify the analysis, it is assumed as for many dynamic visco-
elastic problems that Poisson's ratio a*, and therefore v*, is real. 
i 2 
The shear modulus may be written as = |p*|e*^. Letting k _ |K *r 
and on substituting s = |15, the analysis is simplified further. The 
integrals of (55) and (57) may be calculated by using contour integra­
tion. In the complex plane 
37 
ç « Ç + 1 n . (58) 
The radial displacements (55) and (57) may now be written as 
2-±H " ' |^["i5 /ocoshudu /_„ çJi(alK2*l ç)e^'^2 Ur cosh u 
T|W |e 
(ç^ - I K2*^)8inh(Hg)cosh(Ho)-aB8inh(Ho)co8h(H6) 
(2 Ç-5) ^cosh(Ho) 8lnh(HB) -4ogç^cosh(H3) sinh(Ha) 
__ ogco8h(Ha)sinh(HS)-(ç^ - y K^*^) co8h(Hg)sinh(S(%) 
2 2 ~ 
L (2Ç -1) sinh(Ho)cosh(Hg)-4oiB sinh(He)co8h(Ha) J 
dç . 
(59) 
The numerator and denominator of each fraction in the braces of (59) 
are multiplied by the complex conjugate of their respective denominators; 
The denominators are then the square of the complex moduli. The 
roots of these denominators lie along the line ç = x e^^ 5/2)i^ in 
order to simplify the fractions, the numerators and denominators of 
each fraction is divided by the respective moduli. The results along 
the line have the following form: 
G^(x) _ G_(x) 
J. 
|F^(x)( (FgCx)! 
(60) 
where 
6^(x) - + iM^, GgtK) - L2 + iM2, 
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2 
2x -1 
(C1C5-C2C5) 
4 = - ^  «4 W7> 
+ EjEgCCjCj-CjCg), 
Mj = - ^  (C^C^+C^Cg) 
+ E7®8< V6-SV • 
+ EyEgCCzC^-CiCg). 
%' 
= (2x^-1)^, 
-f- (E^EjEj-ffijEjEj), Eg = cosh H' Eg, 
25=6' 
Eg = sihn H' E^, 
^ (E7EJE3+E8E2E5), ^4 - ^7^8^ ' 
E,.6 
-f- (-E^gEg+EgEgEg), E^ = cosh H' Ey, 
EiCi + E4C,. Eg = sinh H' Eg, 
-f- ®ii + • 
COS — , 
C. 
Ey - 1 3l> 
Eg - |(*|, 
sxn — , 
Cc 
^11 -
E1C3 + E4C1, E^2 -
^ (Eu+Eiz). Ei3 = HlVl, 
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Co 
= cos — > ^14 cos 6/2, 
^7 
Cg 
Cg = sin — , = (EiEg+E^E^yEgEg, 
^7 
H' = E^2 - (::iE7+%)%' 
1f^(x)|2 _ (E^EgEg+E^EgEg)^ = ^Wô+Ws^^ 
(% )^' + [%4' »U+®12>' 
The roots of the equations 
j F ^ ( x ) =  0  ( 6 1 )  
and 
1f,(x)I^=0 (62) 
correspond to the poles of (60). These roots were numerically deter­
mined on an IBM 360/Model 65 electronic computer. The details for 
solving these roots are shown in Appendix A. Figs. 4-2 and 4-3 show 
how these roots vary with EjKg*!. For the range of plate thicknesses 
and frequencies used in this study, HjKg*! is small such that the 
principal roots are the only roots for equations (61) and (62). There-
J y 2 
fore the symmetric pole ç = ± e corresponds to the root in the 
range |k|<lYg|<l whereas the asymmetric pole ç • ± e corresponds 
to the root in the range |>1^ In Tables 4-1, 4-2, and 4-3 are 
tabulated the principal roots at several H|K^*| values for various 
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1.5 
Poisson's Ratio = 0.4 
— — — Tan 6 — 0.1 
• Tan Ô - 0.0 
1.0 Ordinate 
Difference 
X 
Exaggerated 
0.5 
-— 
0 1 t 1 1 
0 1 2 3 4 5 
HiKg*! 
Fig. 4-2. Symmetric roots vs. HjK-*| for Poisson's ratio =0.4 and 
tan 6 = 0, 0.1. 
1.5 Poisson's Ratio = 0.4 
Tan S = 0.0 
Tan S = 0.1 
1.0 Ordinate 
Difference 
Exaggerated X 
0.5 
Fig. 4-3. Asymmetric roots vs. h|K-*| for Poisson's ratio = 0.4 and 
tan 5 = 0, 0.1. 
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Table 4-1. Principal roots for Poisson's ratio = 0.4. 
Symmetric roots Asymmetric roots 
HjK2*|/Loss tangent 0 0.01 0.10 0 0.01 0.10 
0.1 0.5495 0.5495 0.5493 3.1942 3.1942 3.1974 
0.2 0.5499 0.5499 0.5497 2.3387 2.3386 2.3408 
0.3 0.5506 0.5505 0.5503 1.9738 1.9738 1.9756 
0-4 0.5515 0.5515 0.5512 1.7644 1.7644 1.7660 
0.5 0.5527 0.5527 0.5525 1.6268 1.6268 1.6283 
0-6 0.5543 0.5542 0.5540 1.5291 1.5291 1.5304 
0-7 0.5561 0.5561 0.5558 1.4560 1.4560 1.4572 
0.8 0.5584 0.5583 0.5580 1.3993 1.3993 1.4004 
0.9 0.5611 0.5610 0.5606 1.3541 1.3541 1.3551 
1.0 0.5642 0.5641 0.5637 1.3174 1.3174 1.3813 
1.1 0.5679 0.5678 0.5672 1.2870 1.2870 1.2873 
1.2 0.5721 0.5720 0.5713 1.2615 1.2615 1.2623 
1.3 0.5771 0-5770 0.5760 1.2399 1.2399 1.2406 
1.4 0.5829 0.5827 0.5814 1.2214 1.2214 1.2221 
1.5 0.5896 0.5894 0.5876 1.2054 1.2054 1.2061 
1.6 0.5974 0.5971 0.5947 1.1916 1.1916 1.1921 
1.7 0.6065 0.6061 0.6029 1.1794 1.1794 1.1799 
1.8 0.6172 0.6167 0.6123 1.1687 1.1687 1.1692 
1.9 0.6299 0.6292 0.6231 1.1592 1.1592 1.1597 
2.0 0.6460 0.6450 0.6362 1.1508 1.1508 1.1513 
Poisson ratios and loss tangents. In Pursey's (29) paper the formula 
9 ? ? 2 2 
-  - 1 )  
is given on p. 53 as an equation for determining the principal roots. 
2 
The approximation appears to be too rough when the a term is neglected. 
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Table 4-2. Principal roots for Poisson's ratio = 1/3. 
Symmetric roots Asymmetric roots 
h1k2*1/Loss Tangent 0 0.04 0.40 0 0.04 0.40 
0.1 0.5748 0.5750 0.5760 3.2772 3.2775 3.3201 
0.2 0.5751 0.5752 0.5763 2.3973 2.3977 2.4304 
0.3 0.5756 0.5757 0.5767 2.0218 2.0221 2.0498 
0.4 0.5762 0.5764 0.5774 1.8059 1.8061 1.8306 
0.5 0.5771 0.5773 0.5782 1.6638 1.6640 1.6860 
0.6 0.5782 0.5784 0.5792 1.5626 1.5629 1.5829 
0.7 0.5796 0.5797 0.5805 1.4868 1.4870 1.5053 
0.8 0.5813 0.5814 0.5820 1.4279 1.4281 1.4449 
0.9 0.5832 0.5833 0.5838 1.3808 1.3810 1.3966 
1.0 0.5856 0.5856 0.5858 1.3425 1.3426 1.3570 
1.1 0.5883 0.5883 0.5881 1.3107 *1 01 AO J. • 1.3242 
1.2 0.5915 0.5915 0.5908 1.2839 1.2841 1.2965 
1.3 0.5953 0.5952 0.5939 1.2612 1.2613 1.2729 
1.4 0.5998 0.5996 0.5974 1.2417 1.2418 1.2526 
1.5 0.6051 0.6047 0.6014 1.2248 1.2249 1.2350 
1.6 0.6113 0.6107 0.6058 1.2101 1.2102 1.2196 
1.7 0.6187 0.6178 0.6106 1.1972 1.1973 1.1061 
1.8 0.6275 0.6261 0.6159 1.1858 1.1859 1.1941 
1.9 0.6381 0.6360 0.6215 1.1757 1.1758 1.1835 
2.0 0.6515 0.6483 0.6271 1.1667 1.1668 1.1740 
The values for p^^ shown in Table I on p. 54 follow from this equation. 
The approximate formula for p^^. 
2 • / 
4(v^ - 1) 
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Table 4-3. Principal roots for Poisson's ratio = 1/4. 
Symmetric roots Asymmetric roots 
h1k2*1/Loss tangent 0.01 0.10 0.01 0.10 
0.1 0.6061 0.6062 0.6070 3.3728 3.3729 3.3757 
0.2 0.6063 0.6064 0.6072 2.4654 2.4654 2.4677 
0.3 0.6065 0.6066 0.6075 2.0776 2.0776 2.0795 
0.4 0.6069 0.6070 0.6079 1.8544 1.8544 1.8561 
0.5 0.6074 0.6075 0.6084 1.7072 1.7072 1.7088 
0.6 0.6081 0.6082 0.6090 1.6022 1.6023 1.6037 
0.7 0.6089 0.6090 0.6098 1.5234 1.5234 1.5247 
0.8 0.6099 0.6100 0.6108 1.4620 1.4620 1.4632 
0.9 0.6111 0.6112 0.6120 1.4129 1.4129 1.4140 
1.0 0.6124 0.6126 0.6134 1.3727 1.3727 1.3737 
1.1 0.6142 0.6143 0.6150 1.3393 1.3393 1.3403 
1.2 0.6162 0.6163 0.6170 1.3112 1.3112 1.3121 
1.3 0.6187 0.6187 0.6194 1.2872 1.2872 1.2881 
1.4 0.6216 0.6217 0.6222 1.2666 1.2666 1.2674 
1.5 0.6252 0.6252 0.6255 1.2487 1.2487 1.2494 
1.6 0.6295 0.6295 0.6295 1.2331 1.2331 1.2338 
1.7 0.6348 0.6348 0.6343 1.2194 1.2194 1.2200 
1.8 0.6413 0.6412 0.6399 1.2072 1.2072 1.2078 
1.9 0.6494 0.6491 0.6467 1.1964 1.1964 1.1970 
2.0 0.6596 0.6591 0.6547 1.1868 1.1868 1.1873 
appears to be too coarse for the same reason. The more refined formulas 
are 
(i2vj- - - i) ci + f (i - uhl 
• im im 
and 
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respectively. In Table I, also, the range for "a" is [0,3.20], whereas 
for small values of "a", the range of "a" should be [0,1] in order to 
drop the higher order terms. Table I has values for p^^ in the range 
[1.061,1.871] for V = /3 and in the range [1.155,2.136] for y = 2. 
Since Table I is concerned with the principal waves when y ^  p 
p - y is violated for about one half of the values given. On p. 55 of 
the same text the right hand side of equation (56) is given as positive 
when it sould be negative. From the functions |f^(x)I and |Pg(x)| 
it is seen that the branch points are at ç = ±|k|e and ç = ± e 
In order to choose a proper contour for (59), the branch cuts are 
introduced as shown in Fig. 4-4. The details of these branch cuts are 
shown in Figs. 4-5 and 4-6. The multiple-valued quantities may be 
written as 
«J /2 
(63) 
and 
(64) 
where 
I z i ' l  =  ( I s  -
1=11 = (k+ Ik| 1)1/2, 
Izz'l = (I; - , 
n 
-6/2 i 
-6/2 i 
-e 
-6/2 1 
-v e I a 
-6/2 i 
-6/2 1 
-6/2 i 
-6/2 i 
Fig. 4-4. Contour for integration. 
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-6/2 i 
-e 
Branch cut 
-6/2 i 
-6/2 i 
Fig. 4-5. Details of branch cut for \z\ < |k|e ^ 
-6/2 i 
-e 
Branch cut 
-6/2 
-6/2 i 
-6/2 i 
Fig. 4-6. Details of branch cut |z j < e 
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and 
UJ = (k  +  
For the bottom of the cuts 
a =• 
-(x^ - Ikl"):/" e-«/^ ^ 
0 < X < |k| 
|k| < X < 1 
(65) 
3 = 
0 < X < |k| 
|k| < X < 1 
(66) 
and for the top of the cuts 
L- (l-lkl")"/' e-^/2 ^  
o = 
3 -
i(l-x2)l/2 e-^/2 i 
Lid-x^)^/^ e-'/2 ^ 
0 < X < |k| 
|k| < X < 1 
0 < X < lk| 
|k| < X < 1 
(67) 
(68) 
Using the contour as shown in Fig. 4-4, equation (59) can be evaluated. 
For convenience the symmetrical part of (55) and (57) is broken into 
two terms as follows: 
^1 - - zf 
JQ cosh u du (69) 
where 
' & "u + ' h (*:) 
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(2s^-K„^)siiiIiHgcoshHQt - 2o6sxnhHacoshHB 
T ± : - T 
'*-|i o o o "vv "vr n "TZ" " > 
(2s -K2 ) sinhHBcoshHo - 4ags sinhHocosbSg ^ 
2 2 
2s - K - 2ag 
T =3 — ! •  - I  — .  I — -  I ' .  .  .  
12 9 9 9 — 9 » 
(2s -K2 ) - 4ags^ 
and 
H = HjK2*j . (70) 
The term was both added to and subtracted from since its value 
along the branch cut was known previously (37). reduces to 
-2agK2^(2s^-K2^) (sinhHgcoshHa - sinhHacoshHg) 
[ (2s^-K2^) ^-4ags^] [ ( 2s^-K2^) ^sinhHgcosbHa-4ags^sinhHacoshHg] 
(71) 
The contributions of and 1^2 along the branch cut between zero and 
|k| are both zero; and contributions between )k| and unity 
cancel each other. Similarly the asymmetric part, I2, of (55) and (57) 
can be written as 
I2 = - 2U  ^(Ô h (72) 
where 
Î2 = /!„ (I21 + 122)= Ji(as) elsr u 
(2s^-K2^)sinhHcicosbHg - 2agsinhHgcoshHa 
I21 = - 2 2~2 ^ ^  ^ ^  ~ ^ 22 ' 
(2s -Kg ) sinhHotcoshHg - 4a6s sinhHgcoshHa 
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hi = 
2 2 
2s - lU - 2o6 
2  2  2  - -  2  '  
(2s -Kg ) - 4o6s^ 
or 
^21 = + 
2a8K2^(2s^-K2^) (sinhHacoshHg - sinhHgcoshHa) 
[ (2s^-K2^) ^-4aBs^] [ (^s^-Kg^) ^sinhHacoshHB-40is^sinhHe-coshHa] 
The contributions of and along the branch cut between zero and 
|k| are both zero; and contributions between |k| and unity 
cancel each other. Therefore the integral value of the function along 
the branch cuts is zero. The integral value of the function along the 
semi-circular contour in the limit as its radius approaches infinity 
is also zero. The asymmetric pole contribution is just 2iri times the 
residue of the integrand at this pole. The symmetric pole contribution 
is calculated by multiplying iri by the sum of the residues of the 
integrand at this pole, considering the appropriate values of the 
integrand on the upper and lower branch cuts. 
Therefore, the integration of (59) around the contour gives 
u 
- 2aRi 
!z=±H |w*l -ôi 
/q cosh u exp C-ilKg^le cosh u] du 
X /o -t G. (y ) 
3x 
-6/2 i 
± Jq cosh u exp[-i|K2*|e cosh u] du 
8F(x) 
3x |x=Y. (73) 
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The result shows that there is only one type of wave group, a plate 
wave, which travels at the velocity determined from the frequency 
equations. In a half-space, however, the surface waves consist of 
Rayleigh waves and a group of waves traveling at velocities between 
c^ and Cg. 
An integral representation in terms of Bessel functions is 
employed to eliminate the integral in the last expression. The 
representation mentioned is 
I(z) = Jq cosh u exp (-i z cosh u) du (74) 
= - Y EJ]^(z) - i Y^(z)] . (75) 
Letting z = rYjK2*|e (75) becomes 
I(Y,r) = /q cosh u exp (-ijK^*!yr e cosh u du (76) 
or 
I(Y,r) = - Y [Ji(Yr|K2*|e"G/2 ^ iY^(Yr|K2* le'^/?^]. (77) 
If the value of y the equation is replaced by Y^ and Y^, the 
equations become the first and second integrals in (73), respectively. 
To make the solution amenable to computer calculation, the multiplica­
tion theorem of Bessel functions is used: 
(:) (Xy, . .V ; . 
V M=0 ML 
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Letting. A. = e ^ and y = I xr, it is found that (X^-1) is equal 
to id when ô is small. In terms of (78), (77) becomes 
(79) 
where 
and 
It is also noted that J^(a|K2*|^"^^^ ^ )=e~'^^^ ij^(a|K2*lY) 
+-^ a|K2lYJ2(a|K2|Y) to a first order approximation. 
Multiplying (u^)by exp(iwt), the total radial displacement 
is 
z=±H ly*l 
1 
+ V^IV'Vz (a|K2^Ys)Jx 
I(YjG,(Yg) 
3|F^(x) 
3x |x=Y, 
±[e"'^^2 \(a|K2*|Y^) 
.  r  -| I(Y.)G«(Y.) 
.-alVlV, (alVlV]==^;^ 
9x |x=Y 
AJ 
. (80) 
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The equation will be used to determine the radial strain e^. 
2. Radial surface strain 
In finding the strain the identity (see reference (37)) 
-é ^ y™Cv)^i (y) > = ^  {y(v)m(y) - (v)^i (y) ^ 
is used. Then the differentiation of (79) with respect to r gives 
I' = + i I2' , (82) 
where 
and 
m.=0 (2m) J r 
+ Ï [7 Yi+2.(y) - , 
nF=0 (2nri-l)]r 
* I - v»<«> ^  
m=0 (2m) .r 
In view of (80) and (82), the radial strain is 
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3U 
rr 
r _ _ naR(w)ie . i(ut-3/2 i) 
z=±H 3r 
W*\ 
X 
^ (a|K *ly )+i|a|K *|Y3J2(a|K *|y )]^ 
X ^S/ZSZ ZS 3jp^(x)l 
3x x=Y 
Â / 9  - J  r  I ' ( Y A ) G ? ( Y . )  
±[e ^ (alK *|Y^)+i|alK *lY^J2(a|K *1y ^ 
^ 2 A / Z AZ / A 
3x Ix=Y 
(83) 
The equation can now be superposed to account for the variation of the 
loading with respect to time. With the assumption that the applied 
force is initially symmetric with respect to time, the normal stress 
can be written as 
= Re .{/g A(w)e^"^dw} (84) 
where A(w) is the Fourier spectrum of the initial pulse shape. Accord­
ing to Hunter (44) and Tsai (45), the total contact force of an elastic 
sphere on an elastic solid surface is approximately equal to a constant 
times cos^^^ , I being the time of contact. The elastic solution 
should be a good approximation for the contact force between a steel 
ball and a viscoelastic plate if the elastic modulus taken for the 
polymer is that appropriate to the loading time. Let the contact 
force be cos^ ^ for convenience of calculation since cos^^^ 
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does not have a closed form of Fourier transform. Therefore the Fourier 
spectrum is 
sin ^  
In order to determine the radial strain it is necessary to know the 
value of the shear modulus n* as a function of the frequency of 
vibration in the relevant range. Kolsky and Lee (46) have shown that 
for many linear viscoelastic solids (materials considered herein are 
included) at temperatures remote from their transition points, the 
complex modulus may be approximated by 
|E*(w)| = |E*(COQ*) |C1 + In (w/wq)] (86) 
where Eq* is the value of E* at some reference frequency OJq. Conse­
quently, the shear modulus has the expression 
|U*(U3) 1  = |P*((Oq ) |  [ 1  + 2 t^ 6 I n  . (87) 
a|F (x)l BlF-Cx)] 
The values of the derivatives r and in the denominators 
9x 3x 
of (83) must also be evaluated in calculation. Direct differentiations 
of IF^(x)I^ and )F2(x)|^ in (60) would be very lengthy and complicated 
to calculate. Since the curves for |F^(x)|^ and |Fg(x)|^ are smooth, 
numerical differentiations would be convenient and accurate to use. 
Both |f^(X)|^ and [FgCx)]^ have double roots at the points where the 
derivatives are calculated. Therefore, the derivatives are expressed 
in terms of the second derivatives of |F^|^ and [Fgl^ and have the 
following forms 
55 
a|Fil 
dx X=Y 
1 
h 
MF]_(Yg+h)|^ + .(F^(Yg-h) 1/2 
(88) 
and 
9|F, 
3x x=Y, 
1 
h 
|F2(Y^+h)|^ + 1/2 
(89) 
where h is the step size. Changing the Fourier integral into a 
Fourier series and using the aforementioned results, the equation 
(83) becomes 
where 
X V 
Z [A(pWg)cos t^ POJQ + B(P(UQ) sin t^ pwg 
p=l 
-i(pajQ) cos tg pojQ + B(P£Dq) sin t^ pw^] 
[lF^(x+h)|^+ |F^(x-h) |V^^ X = Y 
± 2 [A(pwQ) cos t^ pwg + B(PUJq) sin t^ pu^ 
p=l 
I 
-A(PIOq) cos tg pwQ + B(pa)Q) sin t^ pWg] 
[|F2(x+h)|^ + |F2(x-h)|2]l/2 X = Y. (90) 
A(pa)Q) = 
Qs(p"o) cos 3/2 5+ Q^(pajQ) sin 3/2 6 
pWqT « 
2i7 pwg [1 - (-——) 31w*(pUq)| 
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QcCpwq) cos 3/2 6- QgCpWg) sin 3/2 6 
BCpuq) J 
Pw^T _ 
2%PWQ[1 - (-^) 3 |V*(PVI 
= r - ' 
S = 2 - ' 
QgCpwq) = (Q^M+ Q2L)J^(a(K2*|y) + (Q^M + Q^L) iKg^jJ^CalKg^ly) 
Q^CPV = (Qz^ - Qil)Ji(a|K2*|Y) + (Q4M - Q^DlKg^lJ^CajK^^ly) 
Ql = 1/ cos f - sin ^  , 
and 
Q2 = - (I^' cos "I + I2' §) » 
^3 " ^1' 2 ' 
Q4 ' ^2'lf^ 2 ' 
The equation is now in a form allowing computation of surface strain 
pulses. 
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V. RESULTS 
The strain waves propagating in elastic and viscoelastic plates 
were observed experimentally for various plate thicknesses and distances 
of wave travel as shown in Figs. 5-1, 5-2, and 5-3. A study was made 
on the variation of the pulse shapes with respect to plate thickness 
and material difference. The effect of contact radius and height of 
ball drop on pulse shape was noted. Finally, comparison was made 
between the theoretical results and the experimental data. 
The strain waves observed here on the surfaces of plates are 
clearly seen to be different from those observed on the free surface 
of a semi-infinite solid. From the strain waves obtained by Tsai and 
Kolsky (25, 37) in the surface of elastic and vicoelastic blocks, it 
was observed that a group of dilatational and shear waves, the initial 
compressive waves, arrives earlier than the Rayleigh waves. The shape, 
duration, and amplitude of the main tensile portion of the waves are 
seen to be similar to those for the main compressive portion. Further­
more, near the tail of the pulse there is a small high frequency peak. 
All the above features of surface waves will be later shown in detail 
to be different from the plate waves. 
The response of a plate to transverse dynamic loading is signifi­
cantly different from that for static loading. A plate under a downward 
static loading on its upper surface has compressive strains on the upper 
surface and tensile strains on its lower surface. However, a plate sub­
jected to a dynamic loading such as the one considered herein may have 
both tensile and compressive strains on each of the plate surfaces as 
Fig. 5-1. Photographs of pulse shapes on PE plate's upper surface 
for various distances of wave travel and plate thicknesses. 
(a) 
r = 0.375 inch 
2H = 0.125 inch 
0.2 msec/cm 
50 mv/cm 
Drop ht. = 6 inch 
( d )  
r = 0.375 inch 
2H = 0.5 inch 
50 Psec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(g) 
r = 0.375 inch 
2H = 1 inch 
50 Psec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(b) 
r = 0.75 inch 
2H = 0.125 inch 
0.2 msec/cm 
50 mv/cm 
Drop ht. = 6 inch 
(e) 
r = 0.75 inch 
2H = 0.5 inch 
50 ysec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(h) 
r = 0.75 inch 
2H = 1 inch 
50 Usec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(c) 
r = 1.00 inch 
2H = 0.125 inch 
0.2 msec/cm 
50 mv/cm 
Drop ht. = 6 inch 
(f) 
r = 1.00 inch 
2H = 0.5 inch 
50 Usec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(i) 
r = 1.00 inch 
2H = 1 inch 
50 psec/cm 
5 mv/cm 
Drop ht. = 6 inch 

Fig. 5-1. (Continued) 
(j) 
r = 1.75 inch 
2H = 0.125 inch 
0.2 msec/cm 
50 mv/cm 
Drop ht. = 6 inch 
(k) 
r = 2.50 inch 
2H = 0.125 inch 
0.2 msec/cm 
50 mv/cm 
Drop ht. = 6 inch 
(1) 
r = 1.75 inch 
2H = 0.5 inch 
50 psec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(m) 
r = 2.50 inch 
2H = 0.5 inch 
50 psec/cm 
10 mv/cm 
Drop ht. = 6 inch 
(n) 
r = 1.75 inch 
2H = 1 inch 
50 psec/cm 
5 mv/cm 
Drop ht. = 6 inch 
(o) 
r = 2.50 inch 
2H = 1 inch 
50 Psec/cm 
5 mv/cm 
Drop ht. = 6 inch 
J 
A A 
Figure 5-2. Photographs of pulse shapes on PMMA plate surfaces for 
various distances of wave travel and plate thicknesses-
(a) 
r = 0.375 inch 
2H = 0.125 inch 
0.2 msec/cm 
50 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(b) 
r = 0.75 inch 
2H = 0.125 inch 
0.2 msec/cm 
20 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(c) 
r = 1.00 inch 
2H = 0.125 inch 
0.2 msec/cm 
20 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(d) 
r = 0.375 inch 
2H = 0.25 inch 
0.1 msec/cm 
50 mv/cm 
Upper/lower 
surfaces 
Drop ht. = 14.75 
inch 
(e) 
r = 0.75 inch 
2H = 0.25 inch 
0.1 msec/cm 
50 mv/cm 
Upper/lower 
surfaces 
Drop ht. = 14.75 
inch 
(f) 
r = 1.00 inch 
2H = 0.25 inch 
0.1 msec/cm 
50 mv/cm 
Upper/lower 
surfaces 
Drop ht. = 14.75 
inch 
(g) 
r = 0.375 inch 
2H = 1 inch 
50 Usec/cm 
2 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(h) 
r = 0.75 inch 
2H = 1 inch 
50 ysec/cm 
2 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(i) 
r = 1.00 inch 
2H = 1 inch 
50 ysec/cm 
2 mv/cm 
Upper surface 
Drop ht. = 6 inch 

Fig. 5-2. (Continued) 
(j) 
r = 1.75 inch 
2H = 0.125 inch 
0.2 msec/cm 
20 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(k) 
r = 2.50 inch 
2H = 0.125 inch 
0.2 msec/cm 
20 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(1) 
r = 1.75 inch 
2H = 0.25 inch 
0.1 msec/cm 
50 mv/cm 
Upper/lower 
surfaces 
Drop ht. = 14.75 inch 
(m) 
r = 2.50 inch 
2H - 0.25 inch 
0.1 msec/cm 
50 mv/cm 
Upper/lower 
surfaces 
Drop ht. = 14.75 inch 
(n) 
r = 1.75 inch 
2H - 1 inch 
50 psec/cm 
2 mv/cm 
Upper surface 
Drop ht. = 6 inch 
(o) 
r = 2.50 inch 
2H. = 1 inch 
50 Psec/cm 
2 mv/cm 
Upper surface 
Drop ht. = 6 inch 

Fig. 5-3. Photographs of pulse shapes on glass plate's upper surface 
for various distances of wave travel and plate thicknesses. 
(a) (b) (c) (d) (e) 
r=0.375 in r=0.75 in r=l in r=1.75 in r=2.50 in 
2H=0.125 in 2H=0.125 in 2H=0.125 in 2H=0.125 2H=0.125 in 
0.1 ms/cm 0.1 ms/cm 0.1 ms/cm 0.1 ms/cm 0.1 ms/cm 
20 mv/cm 20 mv/cm 20 mv/cm 20 mv/cm 20 mv/cm 
Drop ht.=6 in Drop ht.=6 in Drop ht.=6 in Drop ht.=6 in Drop ht.=6 in 
(f) (g) (h) (i) (j) 
r=0.375 in r=0,75 in r=l in r=1.75 in r=2.50 in 
2H=0.23 in 2H=0.25 in 2H=0.25 in 2H=0.25 in 2H=0.25 in 
0.1 ms/cm 0.1 ms/cm 0.1 ms/cm 0.1 ms/cm 0.1 ms/cm 
10 mv/cm 10 mv/cm 10 mv/cm 10 mv/cm 10 mv/cm 
Drop ht.=6 in Drop ht.=6 in Drop ht.=6 in Drop ht.=6 in Drop ht.=6 in 
(k) (1) (m) (n) (o) 
r=0.375 in r=0.75 in r=l in r=1.75 in r=2.50 in 
2H=0.5 in 2H=0.5 in 2H=0.5 in 2H=0.5 in 2H=0.5 in 
50 us/cm 50 ys/cm 50 ys/cm 50 ys/cm 50 us/cm 
2 mv/cm 2 mv/cm 2 mv/cm 2 mv/cm 2 mv/cm 
Drop ht.=5 in Drop ht.=6 in Drop ht.=6 in Drop ht.=5 in Drop ht.=6 in 
(P) 
r=0.375 in 
2ii=l in 
50 Ms/cm 
2 mv/cm 
Drop ht.=6 in 
(q) 
r=0.75 in 
2H=1 in 
50 ps/cm 
1 mv/cm 
Drop ht.=6 in 
(r) 
r=l in 
2H=1 in 
50 ys/cm 
1 mv/cm 
Drop ht.=6 in 
(s) 
r»1.75 in 
2H=1 in 
50 ys/cm 
1 mv/cm 
Drop ht.=6 in 
(t) 
r=2.50 in 
2H=1 in 
50 ys/cm 
1 mv/cm 
Drop ht.=6 in 
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shown in Figs. 5-1, 5-2, and 5-3, compression being the downward 
pulse. The strain pulses shown in Figs. 5-1, 5-2, and 5-3 are, in 
general, of different scales in time and magnitude. In order to have 
a better understanding of the pulse shape and magnitude, a set of 
strain pulses observed at 0.75 inches away from the point of impact 
in the surfaces of glass plates were superposed together for various 
plate thicknesses in Fig. 5-4. In comparing the pulse shape for the 
one inch plate to that of the one-eighth inch plate, it is seen that 
the compressive amplitude has decreased by an order of approximately 
10 whereas the duration of the tensile portion has decreased by an 
order of approximately two. 
The radial strain pulses in Figs. 5-1 and 5-2 which were obtained 
by impinging a 1/2-inch steel ball on the surfaces of PE and PMMA. 
plates, respectively, of various thicknesses are considered visco-
elastic waves. However, the strain pulses observed under the same 
type of impact on the surfaces of glass plates as shown in Fig. 5-3 
are theoretically considered as elastic waves. All pulses shown were 
taken for the upper surface with the exception of the second row of 
photographs in Fig. 5-2 where pulses from both upper and lower surfaces 
are shown. The plate waves are of quite a different character than the 
half-space waves. The initial group of compressive waves, dilatational 
and shear waves, is almost totally absent in the plate waves. The dura­
tion of the tensile portion is also much shorter than the duration of 
the compressive portion. This is because the plate may flex in contrast 
to the half-space which cannot flex. The tension wave's amplitude is 
greater than the compressive wave's amplitude at a distance of 
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0 2H = 1 
2H = 1/2 
2H = 1/4 
2H = 1/8 
100 200 0 
TIME, Usee 
Fig. 5-4. Pulse shapes on glass plate's top surface at r = 0.75 
inch for various plate thicknesses. 
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approximately one inch from impact or greater, whereas the plate under 
static loading had only a compressive component. There is no small 
high frequency peak near the tail of the plate pulse like there is 
for the half-space. 
The difference between plate waves and surface waves previously 
described is also predicted in the present theoretical analysis. It 
is noted in equation (73) that the initial group of compressive waves 
of the half-space pulse is absent from the plate surface waves. As 
shown by Tsai and Kolsky (37) this part of the wave is represented 
mathematically by the branch line integral from jk| to 1 which is 
present in the half-space solution but absent in the plate solution. 
This branch line integral cancels for the plate solution so the pulse 
should cancel experimentally, being due to the reflected pulse from the 
other surface. The half-space wave also has a high frequency tail 
which is absent in the plate wave. The smaller the plate thickness, 
the larger the asymmetric wave becomes and the slower it travels com­
pared to the symmetric wave. Physically, this is caused by increased 
flexure. The asymmetric wave becoming the dominâtive wave at the tail 
of the pulse wipes out the small high frequency peak detected in the 
surface wave of the half-space. Therefore, the small high frequency 
peak was not observed at the plate pulse. 
Some general features are noticed in examining the variation of the 
pulse shapes with respect to plate thickness and distance of travel for 
all the materials tested. When one compares the wave forms for the 
same height of ball drop for the various thicknesses, it is seen that 
1) the wave form changed more rapidly with radial distance for the 
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thinner plates than it did for the thicker plates, 2) the smaller the 
plate thickness, the greater the pulse amplitude and the longer the 
duration of the tensile portion, and 3) the smaller the plate thickness 
and the greater the distance of wave travel, the more numerous are the 
peaks of small amplitude at the head of the wave. These features are 
true for both the elastic and viscoelastic plate waves. PE has the 
lowest Young's modulus and the greatest plate response. Also, the 
greater the Young's modulus for the material, the shorter the pulse 
duration is. 
It appeared that over a large radial distance range, the com­
pressive peaks on the upper plate surface decayed exponentially with 
distance from impact for all plate sizes and for the viscoelastic 
materials tested. When the coordinates were plotted on semi-log paper, 
this was found to be the case. The results are shown in Fig. 5-5. The 
decay constant m decreases with increasing plate thickness, in general. 
The higher the damping in the material, the higher m is when plate 
thickness is small. The decay constant appears to drop at the same 
rate for various materials as thickness increases above a certain 
amount, the values of m being close. Even the decay of the tension 
wave peak with distance was found to be exponential for the 1/8 in 
plate. The m for plates of greater thicknesses than 1/8 in was not 
exponential for the tension wave peaks over the radial range indicated. 
Duration of the tension portion of the pulse and distance from 
impact coordinates plotted as straight lines on a log plot. Thus 
fairly good representation was obtained by having the duration pro­
portional to some power of the distance from impact. Fig. 5-6 shows 
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PMMA. 
Fig. 5-5. Strain peak decay constant vs. plate thickness for 
the upper plate surfaces of viscoelastic materials. 
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PMMA. 
Fig. 5-6. Distance of wave travel exponent vs. plate thickness 
for duration of tensile portion of surface wave on 
upper surfaces of various materials. 
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that this exponent, in general, decreases with increasing thickness 
over the distance from impact range indicated for the upper plate sur­
face. 
An estimate of the proportion between the peaks of the tensile and 
compressive waves on the top plate surface may be obtained from Figs. 
5-7 and 5-8. For the three materials tested an increasing spread in 
peak tension to compression strain ratios are represented for increasing 
r/(2H). Tensile strain peaks are greater than compressive strain peaks 
for r/(2H) greater than two. When the distance from impact is about 
equal to the thickness, the compressive strain peak is greater than the 
tensile strain peak for all the materials tested. 
When the radius of the impinging sphere was varied, the weight re­
maining the same, the wave form varied as shown in Fig. 5-9. The greater 
the contacting radius, the smaller the tension amplitude and the shorter 
is its duration. The wave form shapes are insensitive to a variation 
in the height of the ball drop. Fig. 5-10 shows that as the height of 
the ball drop increased, the amplitude of the wave observed in the same 
plate increased whereas its tension duration decreased. This occurred 
because the greater the impact velocity, the smaller the time of con­
tact. When the duration was smaller and the impact energy greater, the 
wave amplitude was greater. Photographs used in deriving Figs. 5-9 and 
5-10 are shown in Figs. 11-1 and 11-2, respectively. 
Numerical calculations were carried out to predict some of the 
strain pulses observed in the experiment- In order to numerically 
compute the radial strain from equation (90), some values in this 
equation need to be obtained first. The value of the radius of contact 
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Legend: 
Thickness, inch 
1/8 1/2 
5 -
PMMA 
7/ 
Y 
A 
Q 
10 15 20 
r 
2H 
Fig. 5-7. /e^ vs. r/2H for upper plate surface, 
max max 
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PMMA 
Glass 
OJ i I I 
0 . 1  2  3  
r 
2H 
Fig. 5-8. Details for /e vs. r/2H for upper plate surface 
max max 
of one inch thick plate. 
Radius of contacting body 
R = 0.25 IN 
R = 0.75 IN 
R = 1.50 IN 
1 % 0 200 400 I 1 ( psec 
Fig. 5-9. Pulse shapes on upper surfaces 
of 1/8 inch PMMA plates at r = 
0.75 inch produced by impact of 
balls of same 1/2 inch ball 
weight and 6 inch drop height 
with contacting radii of 0.25 
inch, 0.75 inch, and 1.50 inch. 
Height of ball drop 
A Ht = 6 IN 
AI" — Ht — 8 IN Ht = 10 IN 
200 400 
psec 
Fig. 5-10. Pulse shapes on upper surfaces 
of 1/8 inch PMMA plates at r = 
0.75 inch produced by impact 
of 1/2 inch steel balls from 
drop heights of 6 inch, 8 inch, 
and 10 inch. 
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"a" was obtained through the relations developed by Tsai and Dilmanian 
(26). It was assumed that this "a" for the elastic case was close to 
the "a" for the viscoelastic case. The basic shear modulus [u*(a)^) | 
was found in Tsai and Kolsky (37) for PMMA. and PE materials. The shear 
modulus for glass was given in Tsai and Kolsky (25). The time of con­
tact was calculated from the work of Phillips and Calvitt (39). The 
values of the density, tangent modulus, and Poisson's ratio were taken 
from the references (25, 37, 39, 46, 47). The basic circular frequency 
was assumed to vary exponentially with the distance from impact. 
Since the experimental results showed the duration of the tension portion 
of the wave to vary exponentially with distance of wave travel and the 
basic circular frequency is inversely proportional to the period, this 
is a valid assumption. 
The asymmetric component is by far the larger of the two components 
in determining the theoretical response for the two cases considered. 
2 
For the cases shown in Fig. 5-11, the asymmetric component is about 10 
to 10^ times larger than the symmetric component. This is seen 
physically since, for this loading, the thin plate is asymmetrically 
loaded. 
A comparison between the theoretical and experimental surface 
pulses is shown in Figs. 5-11 and 5-12. The theoretical results pre­
dicted the experimental wave shapes quite well for the waves on the 
upper and lower surfaces. The very beginning of the pulse was not too 
accurately predicted. The calculated amplitude increase there was 
found to be higher than that of the experiments possibly because the 
strain gage has a finite active length which would smooth out the 
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Experimental XXX Theoretical 
Top surface wave 
r = 0.375 IN 
Bottom surface wave 
125 100 75 50 25 0 
TIME, Usee 
Top surface wave 
r = 0.75 IN 
Bottom surface wave 
125 100 75 50 25 0 
TIME, ysec 
. 5-11. Comparison of the theoretical and experimental surface 
pulses on 1/4 inch PMMA. plate surfaces at r = 0.375 
inch and 0.75 inch produced by 1/2 inch ball at drop 
height of 14.75 inch. 
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Fig. 5-12. Comparison of the theoretical and experimental 
surface pulses produced by a 1/2 inch ball at 
drop height of 6 inch on (a) 1/4 inch glass 
plate surface at r = 0.375 inch, (b) 1/4 inch 
glass plate surface at r = 0.75 inch, (c) 1/4 
inch glass plate surface at r = 1.75 inch, (d) 
1/2 inch PE plate surface at r = 0.75 inch. 
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pulses of short duration. One notices the same occurrence in Tsai's 
(48) work. Thus the observed response can be expected to be smoother 
than the true shape of the strain pulse. 
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VI. DISCUSSION AND CONCLUSIONS 
The propagation of radial strain waves over the surfaces of elastic 
and viscoelastic plates has been investigated both theoretically and 
experimentally. The radial strain in the surface of a viscoelastic 
plate subjected to a force uniformly distributed over a circular sur­
face area was obtained theoretically as a function of material proper­
ties and distance of wave travel. The expression for the radial strain 
was reduced to a form amenable to numerical calculation. The results 
were superposed by the Fourier integral theory to describe the propaga­
tion of arbitrary pulses. Poisson's ratio was assumed to be constant 
for the calculations. The theoretical solution for a pulse was given 
as an integral, correct to the first order of the loss tangent. This 
Fourier integral was then converted to a Fourier series and numeri­
cally evaluated on an IBM 360 computer to yield the radial surface 
strains on the upper and lower surfaces of the linear viscoelastic 
plates. It has been shown that there is close agreement between the 
theoretical results and the experimental data in the determination of 
the pulse shapes produced by the impact of a steel ball on plates of 
various thicknesses and materials. Theoretically, the series solution 
converges more quickly for smaller values of tan 5 and r than for 
larger values. A slightly better correlation between theory and 
experiment would be obtained if more Fourier components were used 
than the six used here. A better determination of the contact radius 
would also be helpful. 
S3 
The strain pulses produced by the impact of a steel ball onto the 
surfaces of PE, PMMA., and glass plates were observed experimentally 
for various plate thicknesses and distances of wave travel. These 
plate waves were shown, both theoretically and experimentally, to be 
of a different character than those observed on the free surfaces of 
large material blocks. The later part of the upper plate waves are 
compressive waves of relatively large duration whereas the half-space 
waves have shorter compressive waves with high frequency tails. This 
is due to the fact that the asymmetric plate waves which compose mainly 
the compressive waves arrive later than the symmetric part of the plate 
waves. A small group of dilatational and shear waves which was ob­
served in half-space waves is absent from the plate waves. In examining 
the observed plate waves as a function of plate thickness, it is found 
that under the same impact energy the amplitude of the strain pulse is 
larger for a thin plate than a thick plate. The pulse shapes of the 
thinner plates change more rapidly with distance of wave travel than 
does the pulse shape for thicker plates. In considering the difference 
in plate materials, the largest radial strain was produced on a PE 
plate, followed by PMMA. and glass. The pulse shapes are practically 
insensitive to a variation in the height of the ball drop. This is the 
result expected in linear theory. The greater the radius of the 
impinging ball of the same mass, the smaller the tension amplitude and 
the shorter its duration. Under the same impact conditions it seems 
that the peak of the compression wave portion is greater than the peak 
of the tension wave portion only at r/2H = 1 for the range 3/8 < r/2H ^  
10. The duration of the tension portion of the plate waves is 
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approximately proportional to the power of the distance from impact, 
i.e. T«r^, 3/8 < r_< 2-1/2 in for plate thickness less than one inch. 
Peaks of the compressive wave portion decayed nearly exponentially with 
distance of travel, i.e. e « e 3/8 < r < 2-1/2 in, for plate 
max 
thicknesses less than one inch. 
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IX. APPENDIX A: NUMERICAL DETERMINATION 
OF THE ROOTS OF THE CHARACTERISTIC EQUATIONS 
The basic scheme for finding the roots of the characteristic 
equations was to refine the initial guess by linear extrapolation of 
f'(x_)(x^_^ - x^) 
the derivative of the function: x., ^ = x. - -zt7 \ TTT—7 • 
1+1 X f'(x. -) -
1—1 1 
This method was employed since it fits into the program that finds the 
radial strain (see Appendix B). Also there was no in-line subroutine 
for this function. A preliminary program was first run to see how the 
functions |F^(x)|^ and [FgCx)]^ varied with x and HjKg*]. The results 
from this program showed what initial values to try. Knowing from the 
functions themselves that the roots are of multipicity two, it was 
obvious to try this method for finding the roots since neither of the 
subroutines RTWI, RTMI, nor RTNI would give the desired result. Each 
iteration step of this method requires one evaluation of f(x) and one 
evaluation of f'(x). Following Fig. 9-1, f(x^) and f'(x^) is found using 
the initial guess x . Another value of x is chosen as x, = x +0.1 
° o 1 o 
and its function f(x^) and derivative f'(x^) found. The linear extra­
polation formula for the derivative locates a new value of x, Xg, where 
the derivative found from points x^ and x^ is zero. The values f(x^) 
and are determined and a refined value of x, x^, is found using 
the linear extrapolation formula and the points x^ and X2. The 
interative procedure is terminated if either f(x) = 0, f'(x) = 0, or 
IX£^2~^i1 — ^  » where e is the tolerance given by the input. The pro­
cedure assumes existence of a root of multiplicity two and that the 
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initial guess for x is chosen such that the procedure will find f(x) 
either concave upward or downward in the vicinity of the root (i.e. a 
second pair of roots is not found). The procedure may not converge 
within a specified number of iteration steps. Reasons for this 
behavior, which is indicated by an error message, may be: 1) too few 
iteration steps are specified, 2) the initial guess is too far away 
from the root, or 3) the tolerance is too small with respect to 
roundoff errors. Fig. 9-2 illustrates the flow chart used in deter­
mining the roots. 
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F'(x) 
F(x) 
+ 0 X 
Fig. 9-1. Root iteration method. 
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Fig. 9-2. Flow chart for determining roots. 
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X. APPENDIX B: NUMERICAL DETERMINATION OF THE RADIAL STRAIN 
The basic flow chart for determining the radial strain is shown 
in Fig. 10-1. The subprograms used were the following: 
Subroutine for finding the root x, 
Subroutine for symmetric function (x, f^(x), f'^(x)). 
Subroutine for asymmetric function (x, fgCx), f'gCx))» 
Subroutine for parameters used to find x, f(x), f'(x), 
Function f^(x), 
Function fgCx), 
Function f'^(x). 
Function f'gCx), 
Subroutine for Bessel function of 2nd kind for small 
arguments (similar to BESY), 
Subroutine for factorial, and the 
Main program. 
The first eight subprograms were identical to those used in finding the 
roots described in Appendix A. 
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Fig. 10-la. Flow chart for determining radial strain. 
lea 
H Range 
V Complote? 
I Both \ Sum Each [Fourier \ 
I Modes h" Mode Summation 
\Determined/ Component Vcomplete? / 
Determine 
Strains 
Write 
Radial 
Strain 
Fig. 10-lb. Flow chart for determining radial strain. 
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APPENDIX C: EXPERIMENT PHOTOGRAPHS 
Fig. 11-1. Photographs of pulse shapes on upper surfaces of 1/8 inch 
PMMA plates at r = 0.75 in produced by impact of balls of 
same 1/2 inch ball weight and 6 inch drop height with 
contacting radii a) 0.25 inch, b) 0.75 inch, and c) 1.50 
inch. 
(a) (b) (c) 
0.2 msec/cm 
20 mv/cm 
0.2 msec/cm 
20 mv/cm 
0.2 msec/cm 
20 mv/cm 

Fig. 11-2. Photographs of pulse shapes on upper surfaces of 1/8 inch 
PMMA plates at r = 0.75 inch produced by impact of 1/2 inch 
steel balls from drop heights of a) 6 inch, b) 8 inch, and 
10 inch. 
(a) (b) (c) 
0.2 msec/cm 
20 mv/cm 
0.2 msec/cm 
50 mv/cm 
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